Abstract: In this paper we propose a flexible cure rate model with frailty term in latent risk, which is obtained by incorporating a frailty term in risk function of latent competing causes. The number of competing causes of the event of interest follows negative binomial distribution and the frailty variable follows power variance function distribution, in which includes other frailty models such as gamma, positive stable and inverse Gaussian frailty models as special cases. The proposed model takes into account the presence of covariates and right-censored survival data suitable for populations with a cure rate. Besides, it allows to quantify the degree of unobserved heterogeneity induced by unobservable risk factors, in which is important to explain the survival time. Once the posterior distribution has not close form, Markov chain Monte Carlo simulations are consider for estimation procedure. We performed several simulation studies and the practical relevance of the proposed model is demonstrated in a real data set.
Introduction
In survival data, an usual interest is to model the time until the occurrence of a defined event. In the traditional approach, it is assumed that all units under study are susceptible to the event of interest that will occur. However, such assumption can be violated because many studies have what we call "immune" or "cured" elements. The idea is that the event will never occur for immune units because they are not susceptible to the event of interest. Thus, a class of models referred as the cure rate models considers that situation and it has been studied by several authors. The Berkson-Gage model Berkson & Gage (1952) was probably the first model to propose the cured fraction. This model is based on the assumption that only one cause is responsible for the occurrence of an event of interest Cooner et al. (2007) .
In biomedical studies, an event of interest can be the patient's death as well as cancer recurrence, which can be attributed to different latent competing causes as the presence of an unknown number of cancer cells. These causes are based on the fact that each surviving carcinogenic cell can be characterized by an unknown time (promotion time) during which the cell could become a definitive tumor Cobre et al. (2013) . The literature on this subject is extensive. The books of Maller & Zhou (1996) ; Ibrahim et al. (2001) , as well as the articles Yakovlev & Tsodikov (1996) ; Chen et al. (1999) ; Tsodikov et al. (2003) ; Yin & Ibrahim (2005) ; Cooner et al. (2007) ; Rodrigues et al. (2009 Rodrigues et al. ( , 2011 Rodrigues et al. ( , 2012 Rodrigues et al. ( , 2015 ; de Castro et al. (2009) ; Cancho et al. (2011 Cancho et al. ( , 2012 Cancho et al. ( , 2013a ; Borges et al. (2012) could be mentioned as key references.
In the competing causes scenarios, the promotion times are usually assumed to be independent and identically distributed, i.e., the carcinogenic cells lifetimes follow a common distribution function and the most common choices have been exponential, piecewise exponential, Weibull, among other. Besides, the cure rate models implicitly assume a homogeneous population for the susceptible units. However, covariates can be included in the model in order to explain some heterogeneity. But there is an unobserved heterogeneity induced by unobservable risk factors, which are not considered in the model.
The models that take into account the unobservable heterogeneity are known as frailty models Vaupel et al. (1979) . These models are characterized by the inclusion of a random effect, that is, an unobservable random variable that represents the information that can not be observed, such as unobservable risk factors. If an important covariate was not included in the model, this will increase the unobservable heterogeneity, affecting the inferences about the parameters in the model. This way, the inclusion of a frailty term can help to relieve this problem.
The frailty term can be included in an additive form in the model. However, a multiplicative effect on the baseline hazard function is often used. Multiplicative frailty models represent a generalization of the proportional hazards model introduced by Cox (1972) , which the frailty term acts multiplicatively on the baseline hazard function. This approach has been studied by several authors, notably Clayton (1978) ; Vaupel et al. (1979) ; Andersen et al. (1993); Hougaard (1995) ; Sinha & Dey (1997) ; Oakes (1982) ; Balakrishnan & Peng (2006) . Other authors, as Aalen (1988) ; Hougaard et al. (1994) ; Price & Manatunga (2001) ; Peng et al. (2007) ; Yu & Peng (2008) ; Calsavara et al. (2013) considered cure rate models with a frailty term.
This manuscript proposes a new Bayesian cure rate model with a frailty term in risk function of latent competing causes, called power variance function frailty cure rate model (PVFCR). The proposed model is obtained of Cancho et al. (2011) models by adding a random effect (frailty term) on the baseline hazard function that acts multiplicatively in promotion time of each latent competitive cause. This approach allows that the competitive causes have different frailties, and that the most frail will fail earlier than the less frail. The distribution of the random effect is full based on family of power variance function (PVF) distributions suggested by Tweedie (1984) and derived independently by Hougaard (1986) . Besides, we consider that the number of competing causes related to the occurrence of an event of interest is modeled by the negative binomial distribution. Another advantage of the proposed model is that the negative binomial and PVF are flexible distributions and they include as particular cases well-known distributions, which can be tested for the best fitting in a straightforward way.
Our paper is organized as follows. In Section 2 we formulate the proposed model and Bayesian inference is described in Section 3. In Section 4 we consider a simulation study under different scenarios, where we numerically evaluate the performance of the Bayesian estimators as well as the performance of the proposed model in terms of Conditional Predictive Ordinate (CPO) criterion when it is compared to usual cure rate model Cancho et al. (2011) . An application to a real data set is presented in Section 5. Finally, some final remarks are considered in Section 6.
Frailty cure rate model
The time for the jth competing cause to produce the event of interest (promotion time) is denoted by Z j , j = 1, . . . , N , where N represents the number of competing causes. The variable N is unobservable with probability mass function (p.m.f) p n = P (N = n|Θ) for n = 0, 1, . . .. We assume that, conditional on N and on the parameters vector ϕ, Z j 's are i.i.d. with cumulative distribution function F (t|ϕ) and survival function S(t|ϕ) = 1 − F (t|ϕ). Also, we assume that
The observable time of the occurrence of the event of interest is defined as T = min{Z 0 , Z 1 , . . ., Z N }, where P (Z 0 = ∞) = 1, which leads to a cure rate p 0 of the population not susceptible to the event occurrence.
Under this setup, according to Rodrigues et al. (2009) the cure rate survival function of the random variable T , conditional to vector parameters ϑ, is given by
where
is the probability generating function (p.g.f) of the random variable N , which converges when s = S(t|ϕ) ∈ [0, 1].
From now on we suppose that the number of competing causes, N , conditional to Θ = (η, θ) , follows a negative binomial distribution Saha & Paul (2005) with p.m.f
The p.g.f. is given by
As discussed by Tournoud & Ecochard (2008) , the parameters of the negative binomial distribution have biological interpretations, which the mean number of competing causes is represented by θ, whereas η is the dispersion parameter.
So, taking into account (2) in (1), the population survival and density functions are given, respectively, by
and
where f (t|ϕ) = −dF (t|ϕ)/dt. The cure rate is determined by p 0 = lim t→∞ S pop (t|ϑ) = (1 + ηθ) −1/η > 0.
Usually, the most common choices for promotion time distribution that specify the function S(t|ϕ) have been exponential, piecewise exponential, Weibull, among other. In order to capture the unobservable characteristics of each competing cause, we propose here to incorporate a random effect (frailty term) on the baseline hazard function that acts multiplicatively in promotion time. This approach allows that the competitive causes have different frailties, and that the most frail will fail earlier than the less frail Wienke (2011) .
Let a nonnegative unobservable random variable V that denote the frailty term. The hazard function of the jth competing cause is given by
where v j represents the frailty for the jth cause and h 0 (·|ϕ) is baseline hazard function. The conditional survival function is easily obtained and it is given by
where S 0 (·|ϕ) denotes the baseline survival function.
In this paper, we consider that the random variable V follows the family of power variance function (PVF) distributions with parameters µ, ψ and γ, suggested by Tweedie (1984) and derived independently by Hougaard (1986) . For more PVF distribution details (see Wienke, 2011) . We consider that E(V |µ, ψ, γ) = µ = 1 and Var(V |µ, ψ, γ) = µ 2 /ψ = σ 2 , where σ 2 is interpreted as a measure of unobserved heterogeneity. With this restriction, the results PVF parameters are γ and σ 2 .
In order to eliminate the unobserved quantities, the random effect can be integrated out.
Thus, marginal survival function is given by The unconditional survival and density functions in the PVF frailty model is expressed by
Besides providing an algebraic treatment of the closed-form for the marginal survival, the PVF family is a flexible model in the sense to include many other frailty models as special cases.
For instance, the gamma frailty model is obtained if γ = 0 and in the case of γ = 0.5, the inverse Gaussian distribution is derived. The positive stable is a special case of the PVF distribution, however to show this fact, some asymptotic considerations are necessary. We refer the interested readers to Wienke (2011) .
This way, as an alternative to the usual cure rate models (3), we propose a new model that incorporates a frailty term for each competing cause and consider that, conditional on N = n and on ϕ * , the latent times follow a survival function as in (4). As the number of competing causes follows a negative binomial distribution, the population survival function with PVF frailty is given by
where ϑ = (ϕ * , Θ) .
We assume a Weibull distribution for the cumulative baseline hazard function, given by
Henceforward, we will refer to the model of which the survival function is as shown in (6), by PVF frailty cure rate model or simply PVFCR model. Note that usual cure rate model (CR) (3) is obtained as σ 2 → 0.
Bayesian inference
Let us consider the situation when the time to event is not completely observed and it is subject to right censoring. For a given sample of size m, the observed time for ith unit is
We include covariate through the expected number of competing causes by E( The likelihood function of parameters ϑ = (ϕ * , Θ) = (α, λ, γ, σ 2 , η, β) under non-informative censoring can be written as
where S(w i |ϕ * ) and f (w i |ϕ * ) are given in (4) and (5), respectively.
The posterior distribution of ϑ comes out to be
where r = m i=1 δ i and π(ϑ) is prior distribution of ϑ. We consider independent prior distributions defining them as β ∼ Normal k+1 (0, 100I), α ∼ Normal(0, 100), γ ∼ Uniform(0, 1) and η, λ and σ 2 follow gamma distribution with mean 1 for all and variances 1, 100 and 1, respectively.
Estimation procedure
The posterior density of ϑ in (7) is analytically intractable because the integration of the joint density is not easy to perform. An alternative is to rely on Markov chain Monte Carlo (MCMC) simulations. Here we consider Adaptive Metropolis Hasting algorithm with a multivariate distribution as proposal distribution Haario et al. (2005) As a result, a sample of size n p from the joint posterior distribution of ϑ is obtained (eliminating burn-in and jump samples). The sample from the posterior can be expressed as (ϑ 1 , ϑ 2 , . . . , ϑ np ). The estimator of ϑ considered is given by
and an estimator of the cure rate is
Consider the functions Y k (t) = S pop (t|ϑ k ) where S pop (t|ϑ k ) is presented in (6), conditional to ϑ k . The proposed estimator of the improper survival function is
Conditional predictive ordinate (CPO)
A criterion for model selection that can be considered is based on the conditional predictive ordinates (CPO).
For an observed time to event (δ = 1), we define g(t i |ϑ) = f pop (t i |ϑ) and, for a censored time, g(t i |ϑ) = S pop (t i |ϑ). For the ith observation, CPO i can be expressed as
The CPO i can be interpreted as the height of the marginal density of the time to event at t i . Thus, large values of CPO i imply a better fit of the model. For the proposed model, a closed form of the CPO i is not available. However, a Monte Carlo estimate of CPO i can be obtained by using a single MCMC sample from the posterior distribution π(ϑ|D). A Monte Carlo approximation of CPO i is given by:
The larger the value of CPO is, the better the fit of the model is Rodrigues et al. (2012) . bution with parameter 0.5. We take for PVF frailty distribution γ ∈ {0.1, 0.5, 0.9} and σ 2 ∈ {0.5, 1, 1.5, 2}. The failure times data were simulated with η = 0.5, θ l = exp(β 0 + lβ 1 ), l = 0, 1, where β 0 = −0.5 and β 1 = 0.7. In this way, p 0l = (1 + ηθ l ) −1/η , so that the cure rates for the two levels of X are p 00 = 0.59 and p 01 = 0.39. The censoring times were sampled from the exponential distribution with τ parameter (rate), where τ was set in order to control the proportion of censored observations. An algorithm to generate observed times and censoring indicators is:
Draw
, where p cl = p 0l + 0.01.
Let w
5. If t i < c i , set δ i = 1, otherwise, δ i = 0, for i = 1, . . . , m.
We consider four sample sizes, m = 100, 300, 500 and 1000. For each scenario (each combination of parameters values and sample size), we simulated B = 1000 random samples.
As said previously, the Bayesian estimation procedures were performed using Adaptive
Metropolis-Hastings algorithm such that the estimation of covariance matrix is update every 100 iterations. For PVFCR and CR models, we generated 40000 and 30000 values for each parameter, respectively, disregarding the first 10000 iterations to eliminate the effect of the initial values and spacing of size 30 and 20, respectively, to avoid correlation problems, obtaining a sample of size n p = 1000. The chains convergence was monitored for all simulation scenario, where good convergence results were obtained.
For each random sample, the estimates of ϑ and cure rate are obtained by (8) and (9). We computed the average of B estimates of ϑ (AE) and the root of the mean squared error (RMSE) of the estimators obtained from PVFCR and CR models. The results are all summarized in Tables 1-3. The results show that for both models, the average estimates of p 00 and p 01 were not affected by the increase of γ and σ 2 values. Even for small sample sizes, the average estimates were close to fixed values. For the PVFCR model, we observe that the RMSEs appear reasonably close to zero as sample size increases, except for σ 2 parameter, which needs large sample size to close to zero. For a fixed sample size, the RMSE of σ 2 estimation increases as σ 2 also increases, regardless of γ values.
We can note that the η estimation obtained from CR model provides, in average, large RMSE, even when sample size is large, and this fact is more evident when γ = 0.1 and 0.5.
However, if γ = 0.9 the RMSE decreases as sample size increases.
It is worth mention that the inclusion of frailty term in the cure rate model ( In Figure 1 , we present the CPO mean difference for all considered scenarios. For a fixed sample size and when γ = 0.1 or 0.5, CPO mean difference increases as σ 2 increases, which stabilizes in σ 2 = 1.5 and 2. Besides, as sample size increases, CPO mean difference also increases, which indicates best fits of PVFCR model. By the other hand, when γ = 0.9 the CPO mean difference is always negative, which favors the CR model, even with large unobserved heterogeneity. Table 3 : Root of the mean squared error (RMSE) and average of estimates (AE) of the estimators for simulated data from PVFCR model when p 00 = 0.59, p 01 = 0.39, β 0 = −0.5, β 1 = 0.7, α = 0, λ = 1, η = 0.5 and γ = 0.9. For fitted PVFCR and CR models, we considered n p = 1000, where the first 10000 iterations were eliminated as burn-in samples and considered jump of size 100. The estimates of ϑ and cure rate are obtained by (8) and (9), respectively, and the estimator of improper survival function is given by (10).
Except nodule category, all regression coefficients are non-significant for both fitted model. Table 4 is presented the summaries of parameters estimates of final model (considering only dummies variables of nodule category as explanatory variable, where the lowest category is baseline). We can note that the standard deviation of all the parameters are lower for the proposed model, as well as the HPD intervals have lower amplitudes. Furthermore, PVFCR model showed a slightly higher CPO value (CPO = −516.4 for PVFCR model versus CPO = −516.6 for CR model). Although the inference is the same for both models: only the explanatory variable nodule category is significant, the models provides similar fit for survival curves ( Figure   3 ) and category 1 is statistically different from categories 3 and 4 that have the lowest cure rate; HPD intervals of cure rates have lower amplitudes for PVFCR model, as we can observed in Figure 2 . Besides we emphasize the importance of the proposed model in capture and in quantifying the degree of unobservable heterogeneity. 
Then, in

Final remarks
In this paper, we look at the cure rate model formulated by Cancho et al. (2011) in a different way, that is, we considered a random unobservable effect in promotion time of each competing cause, which allows to quantify the unobserved heterogeneity. The PVF frailty model was considered for the latent variables and it includes many other frailty models as special cases, being of great interesting. A simulation study was conducted to illustrate the good performance of the Bayesian estimators of the proposed model, where the RMSE appears reasonably close to zero as sample size increases. The results indicated lower RMSE for the estimators of the proposed model parameters, mainly in presence of large unobservable heterogeneity. As in practice situation the choice of the model is often based on a selection criterion, we evaluated the performance of model in terms of CPO criterion (higher values are desirable) when it is compared to usual cure rate model Cancho et al. (2011) . We observed that, in average, the CPO of fitted proposed model is largest, exception when γ close to one. The practical relevance and applicability of the proposed model is demonstrated in a real data set, which our model yields a slight better fit than the usual cure rate model. We hope this generalization may attract wider applications in survival analysis. The computational codes can be requested for the first author.
